We consider a shallow water equation of Camassa-Holm type, containing nonlinear dispersive effects as well as fourth order dissipative effects. We prove the strong convergence and establish the condition under which, as diffusion and dispersion parameters tend to zero, smooth solutions of the shallow water equation converge to the entropy solution of a scalar conservation law using methodology developed by Hwang and Tzavaras (Comm. Partial Differential Equations 27 (2002) 1229). The proof relies on the kinetic formulation of conservation laws and the averaging lemma.
equation models the propagation of unidirectional shallow water waves on a flat bottom, and then u(x, t) represents the fluid velocity at time t in the horizontal direction x [3, 21] . Within this context, α > 0 is a length scale (related to the shallowness) and κ ≥ 0 is a constant that is proportional to the square root of water depth (See also Dai and Huo [13] for another interpretation related to a cylindrical compressible hyper-elastic rods).
The Camassa-Holm equation has many remarkable properties: it has a bi-Hamiltonian structure (and thus an infinite number of conservation laws) [3, 16] and, as in the case of the KdV equation but not the BBM equation, it is completely integrable [3, 1, 11] . Moreover, when κ = 0 it has an infinite number of non-smooth solitary wave solutions called peakons, which interact like solitons. Although the KdV equation admits solitary waves that are solitons, it does not model wave breaking. On the other hand, the Camassa-Holm equation admits soliton solutions and at the same time allows for wave breaking.
The Cauchy problem of the Camassa-Holm equation has been well studied. Local well-posedness results are proved in [8, 18, 23, 29] . It is also known that there exist global solutions for a certain class of initial data and solutions that blow up in finite time for a large class of initial data [7, 8, 10] .
Existence and uniqueness results for global weak solutions of (1.4) have been proved in [9, 12, 14, 15, 32, 33] . The generalized Camassa-Holm equation (1.1) with β = 0 was analyzed in [4] , while the easier case when β > 0 is contained as a special case of a more general class of equations analyzed in [5] .
We recall that the theory of compensated compactness (see [31] ) says the compactness of a given family {u ε } of approximate solutions to scalar conservation laws bounded in some
is determined by compactness of the entropy dissipation measure in the sense
where η-q is an entropy-entropy flux pair with q (u) = f (u)η (u).
This has been proved in one-space dimension in both the L ∞ and L p stability settings by Tartar [31] and Schonbek [30] (see [28] for a simplified proof using singular entropies). In [20] , the authors show how the kinetic formulation compactness framework of Lions-Perthame-Tadmor [24] can be easily adapted to analyze the structure (1.5). More precisely, the entropy production is turned into a kinetic form using duality (see section 3) and results to an approximate transport equation,
is the usual Maxwellian associated with the kinetic formulation of scalar conservation laws,ḡ β ,
and k β is uniformly bounded in measures. Convergence is then obtained via the averaging lemma in [27] . In the limit β → 0, χ β → 1l(u, ξ) =: χ which satisfies 
the measure k might in general be nonpositive.
Main Results
Consider the Camassa-Holm type equation
The objective is to show that solutions u α,β,γ of the Camassa-Holm type equation (2.1) converge as α, β, γ → 0 towards a weak solution u of the scalar conservation law
We assume that the flux f (u) : R → R is a C 2 function satisfying
We also assume that the initial data u 0 satisfies 4) and the initial data u
and u
for some constant C > 0 that is independent of α, β, γ.
The main result of this paper is the following:
3) and the following nondegeneracy condition:
, then u is the unique Kruzhkov entropy solution of (2.2).
Proof of the Main Results
In preparation, recall that η-q is an entropy-entropy flux pair if q (u) = f (u)η (u). Such pairs describe the nonlinear structure of (2.2) and are represented in terms of the kernel 1l(u, ξ) by the
We begin with some estimates on smooth solutions u α,β,γ of (2.1) (See [6] for a proof). Here we use the notation u ε ∈ b X to denote sequences that are uniformly bounded in the norm of the Banach space X. 
We use the limiting case of the averaging lemma proved in Perthame-Souganidis [27] , see also [26] :
Theorem 3.3 Let {f n }, {g i,n } be two sequences of solutions to the transport equation
where k ∈ N . Assume that a(ξ) ∈ C ∞ (R) satisfies the non-degeneracy condition: for R > 0
Remark 3.4
1. The non-degeneracy condition (3.12) is equivalent to for all R > 0
where B R = {|ξ| ≤ R}. The condition (3.13) can be interpreted geometrically, and means that the curve ξ → a(ξ) is not locally contained in any hyperplane a(ξ)·ω +α = 0. Also, in 1-dimensional case (d = 1), when f (ξ) = a(ξ), it is easy to see that the condition (3.13) is equivalent to the condition (2.7).
2. An assumption on the behavior of a(ξ) is necessary; there would be no improvement of regularity in the case a(ξ) = constant (see, for example, [2] ).
3. By using cut-off functions, it is easy to show a variant of theorem 3.3 stating that under the same
Proof of Theorem 2.1.
) and denote by u β = u α,β,γ . We multiply (2.1)
by η (u β ) and obtain 15) which is viewed as describing the action on tensor products ϕ ⊗ η .
We proceed to interpret (3.15) as an equation in D x,t,ξ . Let
in D x,t,ξ by its action on tensor products(same to δ(u 
defined as a distribution in D x,t,ξ and acts on tensor products via (3.16). Moreover,
Thus (3.15) is written as
Since the subspace generated by the direct sum test functions ϕ ⊗ η is dense in
We estimate first the terms π
. Using lemma 3.1, we see that
. Here we used the followings: 19) and by (3.2),
ξ ) as β → 0, or in other words
Next, consider the term
In summary, the function χ β = 1l(u β , ξ) satisfies the transport equation
. By the averaging lemma (Theorem 3.3),
. Let R be a large positive number and consider ψ ∈ C ∞ c (R) such that ψ = 1 on (−R, R) and 0 ≤ ψ ≤ 1. Then
, it follows that (along subsequences) u β → u in L p loc , p < 4, and almost everywhere and that u ∈ L ∞ (L 4 ∩ L 2 ).
To pass to the limit in (3.21), note that 
with m a positive, bounded measure, and thus u is the unique entropy solution of (2.2) (see [25] ).
To see that, let m denote the weak-limit : 
and thus k = m ≥ 0. 2
